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On a Problem of Bleicher and Erdiis 
HISASHI YOKOTA 
Let D(u.N)=min(n,:u/~=~~1/11,.t1,<~~< ... in,,n,=sZ,,j. where the 
minimum ranges over all Egyptian fraction expansions of a;‘N and let 
D(N)=maxjD(u,N):l<u<N). Then D(N)/N<(logN)‘+“‘Y1. &N)+O as 
N + X, establishing a conjecture of M. N. Bleicher and P. Erdiis. 1 198X Academw 
Press. Inc 
1. INTRODUCTION 
Let Z, be the set of positive integers. Let a, NE Z, be such that a < N. 
By an Egyptian fraction of expansion a/N, we mean 
;=++;+ ... ..’ +;, n, <n, < . ” < nfi, 
I 
where n, E Z,,. Define 
D(a,N)=min 
i 
n,:~/N=~l/n,,n,<~~< ... <n,.tr,~Z,, ! 
I I 
where the minimum ranges over all Egyptian fraction expansions of a/N. 
Define 
D(N)=max{D(a, N): 1 <a< N). 
We are interested in the behavior of D(N). M. N. Bleicher and P. Erdos 
[2] have shown that for P a large prime so that log,,P 2 1, 
r+ 1 
1% p 1% m% + 1 P n log, P < D(P)/P d I(log P)‘, 
,=4 
where log P = log, P, log,P = log(log,- , P), and jti + 1 as P -+ io, and they 
conjectured [2, 33 that exponent 2 can be reduced to 1 + 6(P), where 
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S(P) +O as P+ co. In Ref. [6], we showed that D(N)/N<D(P)/P for 
some prime P that divides N. Thus to improve the upper bound, we only 
need to examine the case N = P. In this paper, we show D(P)/P < 
19 log P(log,P)4(log, P)‘. Since the expression 19 log P(log,P)4(log,P)2 is 
(log P)’ +0’p’, this proves the Bleicher and Erdiis conjecture. 
2. RESULTS 
We begin by considering the increasing sequence S of positive integers of 
the form p2’, where k 3 0 and p is a prime. Let si be the ith element of S. 
Let p be ith prime. Then we have 
LEMMA 1. (i) ni $1, E~=O or 1 are all distinct. 
(ii) $1 da<s,, then a=fli ST, Ej=O or 1. 
LEMMA 2. cf nf-‘p,<Pdn/;p,, then pk<<ogP(l +2/logzP) for P 
large and pk 6 2 log P/log 2 for P 3 2. 
LEMMA 3. !f nt ’ sj< P< n: s,, then sk 2 log P( 1 - 2/logz P) for P 
large. 
Proofs of Lemma 1 and 3 can be found in [S]. A proof of Lemma 2 can 
be found in [ 1). 
LEMMA 4. Let s, he a prime such that s, 2 5. Then D = {d: Jsr < d< 
2s, log s,/log 2, d( n;- ’ s,) u (0 ) contains all residues module s,. 
Proqf: By Lemma 1, D,=(d:lddds,, dini ‘s,)u{O} is a com- 
plete residue system modulo s,. Thus to show that D contains all residues 
modulo s,, it suffkes to show that each d, ED, such that 1 Gd, <J’s,, and 
that there is a de D so that d, = d(mod s,). Let k be the integer such that 
Then by Lemma 2, we have pk < 2 logs,/log 2. If d, = O(mod p,) for all 
j= 1, 2, 3, . . . . k, then d, = @mod nfp,), yielding 
Thus if 1 dd, <,/s,, then d, f O(modp,) some j, say r. But then since 
(s,, p,) = 1, d, + qs, s @mod p,) for some q, where 1 d q <py. Thus if we 
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let d= d, + qs,, then d-n,(mods,) and Js,<n<d, + (p,- 1)x,+ 
( pr - 1) S, < 2s,log,/log 2. 
We are left to show that (d, + q.s,)l n;-- ’ si. Note that if s, is a prime, 
then there is an CI such that 
and n; pf’ = pf” ’ ’ divides n’, ’ sI. Since d, + qs, =p,((d, + qs,)/p,) and 
(d, + qs,)/p, < s,, by Lemma 1, pr and (n, + qs,)/p, divide n;-‘s,. Thus if 
(p,, (d, + qs,)/p,) = 1, then G’, + qs, divides JJ;- ’ s, since d, + qs, = 
p,((d, f qs,)/p,). On the other hand, if (p,, (n, + qs,)/p,) # 1, then let a be 
the integer such that p; 11 ((d, + qs,)/p,). Then a d 2”. Thus 
U+ld2”+1d2”+‘-1 for a31 
Since (p;+‘, (d, +qs,)/p;+‘)= 1, and p;” and (d, +qs,)/p’:+’ divide 
n;~m ’ s,, d, + qs, must divide n{ ’ s,. 
LEMMA 5. If’s, > 4 und s, = pzi, k 3 1, then s, - s, , 3 2. 
Proqf: See [S]. 
LEMMA 6. If (1 -2/,/s,) nl, s, d r d (5/2) ni s,, t 3 3, then there are 
distinct dizlisors d, of ni s, such that r = C d, with di > ni s,/3sf log s,. 
Proqf: We use induction on t. For t = 3, i.e., s, = 4, we have 
06r<s.2.3.4. 
Then r = 248, + 12~~ + 8~~ + 6~~ + 4~~ + 3~~ + 2q + ss, where E, = 0 or 1. 
Discarding zero terms, we obtain r = 1 d,, where d, 3 1 > (2.3.4)/ 
(3.42.log4). 
Now let r be such that (1 - 2/Js,) fli s, < r < (5/2) n{ si, where t 2 4. 
Then we have two cases. 
Case 1. s, = pzk, k 3 1. Define 
‘d: P./-P+ 1 <d<p’- 1, d 
for j = 1, 2, 3, . . . . 2k. Then by Lemma 1, 1 D, 1 = p - 1 and no two elements 
are congrent modulo pzk. Let 
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Note that if d: E 0: and d;” # 0, then 
Since nl,-‘.~,=p’~-’ nr, where p[t, for all i, we have 
where {n t,/~i: p/-p+ 16d6pj- I)= {l, 2, 3, . . ..p- l}(modp). Thus 
u {o} E {o,p’ ‘,2P’-‘, . ..t (P- * ,P’-‘). 
Hence by Lorentz’s theorem [3], D* = 0: + Df + ... + D$ is a complete 
residue system modulo s,. Thus r E d: + d* + ... + d,*l(mod s,). Let 
Then 
r* > 
(l-2/Js,)n:sl-(~;?“(l/p~i~‘(P’-P+1~))nl~’~, 
Since 
I-’ 
P+$& <p + 2(2k - 1) < 2pzkm’ for k31, 
r*> , -2-LL(2p2k ‘1 
( 
I~- I 
Js, stpzk 1 
n 3, 
I 
= ,-I--- 
( 
1 2 I-1 
Jsr > 
rI st S,p”k-’ ’ 
= 
( 
*-$-.y,)s, 
> 
f-l 
lJ Ji. 
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Now applying the mean value theorem on 1lJ.y and noting by Lemma 5 
that s, - s, , 3 2, we have l/Js, , - l/Js, 3 I/s, J.Y,. Thus 
Also r* = (r - Cf” dT)/s, d r/s, < 512 ni ’ s,. Hence 
Case 2. s, = p. Define 
n:Js,<d<3s,logs,,d 
D*= y:dtD}u{O/. 
i 
Note that if d* ED* and d# 0, then ni- ’ s,/3s, log s, < d* < nim ’ s,/Js,. 
By Lemma 4, D u (0 ) contains all residues moduio s,. Thus D* Also con- 
tains all residues modulo s, since each incongruent residue in D gives rise 
to incongruent residue in D*. Hence r = d* (mod s,). Let r* = (r - d*)/s,, 
be an integer. Then 
r* 3 
( 1 - 2/J&) n: s, - ni ’ s,lJsr 
s, 
Since 2/Js, ~ , - 2/J s, 3 l/s, Js,, as is seen by applying the mean value 
theorem in l/,/.x, we deduce that 
r*2(l-*)~s,. 
Also r* = (r - d*)/s, < r/s, < 512 nl, .- ’ s,. Thus 
Hence in either case, we have 
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Thus by the induction hypothesis, r* = 1 d:*, where d:* are distinct 
divisors of Hi-’ s, and nip’ si/3s,- I log s,- 16 d:*. NOW 
\ 
s,r*+CdT if sr=p2’, k> 1, 
r= 
) s,r* + d* ifs, = p, 
where n’, ’ s,/3s, logs,<d:, d* <n{ ’ s,/,/s~ for d:, d* #O. Since 
d:*>nr~‘s,/3s,_,logs, I,s,df*>n;- ‘.~~/3s,~,logs,~~. Hence r= 
C d,, where di are distinct divisors of nr si and d, > ni- ’ s,/3s, log s,. 
Now we are ready to prove the Bleicher and Erdos conjecture. 
THEOREM 1. D(P)/Pd(logP)‘+‘““‘, where d(P)+0 us P-+cc. 
Proof: Let P be a large prime. Choose t such that 
9e 2 
z 
r( 
1ogP l-- 
log1 P 1 
<s,<9e 
J-C 
2 
1ogP l+- 
log, P > 
Let { Pr, ) be the increasing sequence of primes such that plu <s, <p,, . By 
Lemma 3, n; s, < P. Thus we can choose k so that 
fj s, kIj’ p,, < P < fj s; fi P,, . 
I I I I 
Then by Lemmas 2 and 3, 
log+ -&> %~W(l’&) 
Now consider an Egyptian fraction expansion of 
a a n; si n’; PI, 
P= Pn; Sin/;&,’ 
Since we can assume a 3 3 (for a= 2, then 2/P= l/P+ 1/2P + 
1/3P+ 1/6P), r can be chosen so that 
with 
i 1 1 + (log 
PJ2 
-2 1 
JS, 
fisifiP,,Gr< 
, 1 ( 
2+tlogb j2m-j--)jlstfiP~,. 
I!. I I 
641 30%7 
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Thus 
a Ps+r s 1 
( 
r 
~=a-I: mP,,=rI: s;n:P,,+P n; SirI/;P,, > 
Since o(n{ s, n:pl,) = n{ si n:p,, by Corollary 3 in [6] and 
0 <s < n{ s, n: p,,, s = C d;, where di are distinct divisors of ni s, n’; p,,. 
Thus we only need to show that r = C ni, where di are distinct divisors of 
n\ Si ~I:P[, and d,aIIi s,lYI$ -’ ~,,l18(log~,,)4(loglog~,,)2~ 
Define for j = 1, 2, . . . . k, 
D, = d: 1 6 d< 3(logp,,)’ log log p,,, d 
Let s, be the smallest element in S such that sq > 3(logp,l)’ log logp,, . 
Then s, 6 6(log prr )’ log log prk < s,. 
Define for j = 1, 2, . . . . k, 
Note that if d: E 07, then 
We claim that 
xd,+c,:E,=O or 1, d:EDT z {O, 1,2, 3 ,..., p,,-1) (modp,,). 
Let a be a residue moduio p,,. Let k be such that n’; ’ si<p,<nfs,. 
Then by Lemma 2, sk <s,. Now consider 
where r* is chosen so that (1 -2/Js,) xfsi<r* <2 1: si. Then by 
Lemma 6, r* =z di, where d, are distinct divisors of n: s, and 
d, 2 n”; sJ3s; log sk. Thus 
p,,s+r* a=- 
n: .s, ’ 
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yielding 
a h s, = r* (mod p,,). 
Hence 
Since (nt si, p,,) = 1, a nf si runs through all residues modulo p,, except 0 
as a runs through all residues except 0. Thus 
contains all residues modulo p,,. Since (nb+, s;~{~I p,,/s,,, p,,) = 1, we 
have (C~TE~:E,=O or 1, dFl;“DF)={O, 1,2,3 ,..., P,,-l}(modp,)). Thus 
r E C d,*&,(mod p,,) and 
,FI:siFIfm ‘Pr, 
S, 
cl0g(3(l0gP,,)‘l0gl0gP,,)+11 
6 “i si “‘; ’ pr, [3 loglogp lk 1. 3, 
Let 
r-Cdk* ok 
r, = 
PO 
be an integer. Then 
r > ( 1 + m%P,,)’ - 2/q%) n; s,rI: P,, - 3 ~~a%P,, n: si I-I; - l P1,ISq 
I--- 
Pfk 
( 
1 2 
= l +mgP,J2 J’;I 
3 ‘;kl,OsgpQ) Q s,k$ p,, 
Y 
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and r, <r/p,, < (2 + l/(logp,,)‘- 2/v;.sy) n; .~,nf ’ p,,. Repeat the same 
argument 1; - I times and note 
by [S] and s, k 3(logp,,)’ log logp,,. We have 
Also 
Thus 
Note that 
r=pIIr, +zd:Ek 
=$p,,r,+Gp,, (Id?&,)+ ... +p,i(cdt-,c,- ~)+cd~.?%. 
and nip,, d;“- , are all distinct for j = 2, 3, . . . . k. Note also that 
fip,,q> h P,,( n;Sly ‘PI, 
/+1 /+I 3.@% P,,) Iw 1% PI, 
) 
II: .yirI’; PI, 
= 3P,,S,(lO!4 P,,)’ log 1% PI, 
n; s, n: PI, 
’ 18pJogp,,‘14 (logbm,)2 
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for j = 1, 2, . . . . k - 1. Thus to show r = C di, where d, are distinct divisors 
of n: s, nf p,, and di 3 II; si n’; p,/l8p,,(log p,k)4(log log p,,)‘, it. suffices 
to show rk=Cd:, where d: are distinct divisors of n{ si and 
d:> n{ .~,/18p,,(logp,,)~(log logp,,)“. Since 
by Lemma 6, we have rk = x d:, where d: are distinct divisors of fl; s, and 
d: > n; sJ3sf logs,. Also S, < 9e &,,( 1 +2/lag log I’)/($ -2/lag log I’). 
Thus we have dj > n{ s,/3sf log s, > I-I’, sJ18p,k(log p,k)4(log logp,,)’ for P 
large. 
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